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NiTi-based shape memory alloys (SMAs) exhibit an unusual stress distribution at the crack tip as compared
to common engineering materials, due to a stress-induced martensitic transformation resulting from highly
localized stresses. Understanding the fracture mechanics of NiTi-based SMAs is critical to many of their
applications. Here, we develop an analytical model, which predicts the boundaries of the transformation
region in the crack tip vicinity of NiTi-based SMAs. The proposed model is based on a recent analytical
approach which uses modified linear elastic fracture mechanics concepts to predict the crack tip stress
distribution and transformation region in SMAs but, unfortunately, it applies only to the plane stress
condition. To overcome this limitation, the proposed model accounts for stress triaxiality, which plays an
important role in restricting crack tip plastic deformations in common ductile metals as well as the stress-
induced martensite in NiTi SMAs. The effects of triaxial stress at the crack tip are taken into account by
including a new parameter, the transformation constraint factor, which is based on the plastic constraint
factor of elasto-plastic materials. The predictions of the model are compared with synchrotron x-ray micro-
diffraction observations and satisfactory agreement is observed between the two results. Finally, the evo-
lution of crack tip transformation boundaries during fracture tests of miniature compact tension specimens
is predicted and the effects of applied load and crack length are discussed.

Keywords fracture mechanics, nickel-titanium alloys, shape
memory alloys, stress-induced transformation

1. Introduction

NiTi shape memory alloys (SMAs) have seen a growing
interest in many engineering and medical applications due to
their unique functional properties, specifically the shape
memory effect (SME) and the superelastic effect (SE) (Ref 1),
as well as to their good mechanical performance and
biocompatibility. Due to the SME and SE, NiTi SMAs exhibit
unique features such as the ability to recover large strains and/
or to support large mechanical loads over a wide range of
deformations, thanks to a reversible solid state phase transfor-
mation (thermoelastic martensitic transformation) that can be
activated either by temperature (i.e., thermally-induced mar-
tensitic transformation), or by applied stress (i.e., stress-induced
martensitic transformation) (Ref 1). As a consequence of the
high scientific and technological interest of NiTi SMAs,
extensive research has been carried out to better understand
their thermo-mechanical properties (Ref 2), and several numer-
ical models have been developed, which are able to predict both

their mechanical and functional behaviors (Ref 3). Despite this
scientific and technological interest, many aspects related to the
mechanical properties of NiTi SMAs have not been thoroughly
investigated, especially in the field of fracture mechanics and
fatigue, which are strongly affected by thermoelastic martens-
itic transformation. In fact, from a material science point of
view, significant differences with respect to common engineer-
ing metals are observed and, consequently, well-known theories
on mechanics of materials fail to adequately describe fracture
and fatigue phenomena in SMAs and, therefore, they must be
modified to account for these phenomena. In particular, it is
widely accepted that thermoelastic martensitic transformation,
and specifically stress-induced martensitic transformation,
plays a significant role in the fracture process of NiTi SMAs
(Ref 4-12). Experimental studies have focused on understand-
ing the formation and propagation of cracks under variable
loadings (Ref 4, 5) as well as under static loading conditions
(Ref 6-12). The formation of stress-induced martensite in the
crack tip vicinity, as a consequence of the highly localized
stresses, has been observed using digital image correlation
(DIC) (Ref 6), by infrared (IR) thermography (Ref 10), and by
synchrotron x-ray diffraction (XRD) (Ref 7-9). Furthermore,
the IR thermography investigation, which illuminates heat
effects associated with the stress-induced transformation,
revealed the reversibility of the crack tip phase transformation
during unloading (Ref 10).

Recently, finite element (FE) simulations have been carried
out to better understand the effects of phase transformation on
the crack tip stress distribution (Ref 13-16). These simulations
use commercial FE software codes and standard elasto-plastic
solutions (i.e., by modeling the material nonlinearities as a
plastic-like constitutive behavior). In addition, a cohesive zone
model has been developed (Ref 17) to analyze the effects of
the stress-induced martensitic transformation on crack growth
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resistance in NiTi SMAs, as well as to simulate the effects of
the wake of the crack, which is mainly associated with the
reverse martensitic transformation occurring during crack
propagation (Ref 10).

Due to the limitations of fracture mechanics theories in
analyzing the complex mechanisms and crack tip stress
distribution in NiTi SMAs, some analytical models have been
developed (Ref 18-24), where the main features and consti-
tutive behavior of NiTi SMAs are included, with the aim of
creating effective design criteria and life prediction methods
for components with cracks. These models, which use
modified fracture mechanics concepts for linear elastic and
elasto-plastic materials, are able to predict the boundaries of
the transformed region as well as the crack tip stress
distribution. Specifically, a simple model, based on linear
elastic fracture mechanics concepts, has been proposed by
Birman (Ref 18) to estimate the boundaries of transformed
martensite near the crack tip. Other models (Ref 19, 20),
based on the Eshelby inclusion method (Ref 25), allow for
prediction of crack tip stress singularities. More recently,
novel analytical models, based on the assumptions of small
scale yielding and on modified fracture mechanics theories,
have been developed to predict the size of the fully
transformed martensite (M), austenite (A), and the transfor-
mation zone (A fi M) under mode I (Ref 22) and mode III
(Ref 23) loading conditions. Furthermore, new fracture control
parameters for NiTi SMAs have been proposed (Ref 24),
based on the model developed in Ref 22. Unfortunately, the
usefulness and applicability of these latter models (Ref 22, 24)
is limited by some basic assumptions, such as plane stress
conditions at the crack tip. This condition is not satisfied in
standard tests for fracture toughness measurements, where
thick specimens must be used to ensure plane strain
conditions and to avoid the formation of a wide plastic zone.
To overcome the aforementioned limitation, a new analytical
model has been developed by modifying the reference model
(Ref 22) to predict the crack tip transformation behavior under
both plane stress and plane strain conditions. Furthermore, the
model predictions of the boundaries of the transformed region
at the crack tip have been compared with synchrotron x-ray
micro-diffraction observations on miniature compact tension
(CT) specimens (Ref 9).

2. Materials and Experiments

As described in detail in Ref. 9-11, 26, all experimental data
presented here was taken from a pseudoelastic NiTi SMA with
50.7 at.% Ni, which had been subjected to thermo-mechanical
treatments (forming and aging) and a final heat-treatment for
6 min at 773 K resulting in an average austenite grain size of
70 lm with Ni4Ti3 precipitates ranging in size from 60 to
130 nm. The DSC curve for the pseudoelastic NiTi SMA has
been reported in Gollerthan et al. (Ref 9). The stress-strain
curve in Fig. 1 was obtained during monotonic isothermal
loading at room temperature (295 K) of a pseudoelastic NiTi
SMA tensile specimen, identical to that reported in Gollerthan
et al. (Ref 9). Figure 1 also includes the Young�s moduli for
austenitic and martensitic structures, EA and EM, respectively,
as well as the transformation stress and strain, rtr and eL. In the
proposed model, the transformation strain eL is regarded as a
material constant, while the transformation stress rtr is

expressed as a function of the temperature (T) according to
the Clausius-Clapeyron relation:

rtr ¼ rtr
0 þ bM T � T0ð Þ ðEq 1Þ

where rtr
0 is the transformation stress at the reference temper-

ature T0 and bM is a material constant.
Here, it should be noted that the Young�s modulus EM

illustrated in Fig. 1 does not represent the true Young�s modulus
of martensite, which is much higher than that of austenite (Ref
27-29). In fact, in addition to the elasto-plastic strain of the
martensite, this slope EM is actually a combination of a small
amount of strain which accumulates during the phase transfor-
mation, plastic deformation (austenitic), grain reorientation, and
detwinning or reorientation of martensite variants (Ref 29-31).
However, the proposed model is based on the macroscopic
stress-strain response of the material, which is described by the
more easily measurable uniaxial stress-strain curve, and the
slope of the curve for the fully transformed martensitic structure
is used for the effective Young�s modulus of martensite.

3. Crack Tip Stress Distribution in SMAs: Basic
Assumptions

As schematically illustrated in Fig. 2, the stress-induced
martensitic transformation, occurring near the crack tip of NiTi
SMAs due to the high local stress values, results in a complex
stress distribution with respect to linear elastic materials. In
particular, when the equivalent stress (re) exceeds the trans-
formation stress rtr, three different regions are observed near
the crack tip:

(1) Austenitic or untransformed region for r> rA (i.e., for
re < rtr).

(2) Transformation zone for rM £ r £ rA (i.e., for
re = rtr).

(3) Martensitic or fully transformed region for r< rM (i.e.,
for re > rtr)
where rM and rA are the radii of the martensitic and
austenitic regions, respectively, and define the bound-
aries of the transformation region for h = 0 (see Fig. 2).

Fig. 1 Monotonic uniaxial stress-strain curve of a pseudoelastic
NiTi SMA (50.7 at.% Ni) at room temperature (295 K) (Ref 9)
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Due to the complex crack tip stress distribution in SMAs,
well-known theories for linear elastic and elasto-plastic mate-
rials do not accurately capture the mechanical behavior.
Therefore, specific models must be developed, which consider
the unique constitutive behavior of SMAs. For this purpose, an
analytical model for fracture mechanics of SMAs has been
developed and presented here based on a reference model
(Ref 22). With respect to this latter model, the present model
allows for prediction of the stress distribution as well as the
boundaries of the transformation region near the crack tip under
both plane stress and plane strain conditions.

In any case, it is important to point out that the following
limitations are still present in the proposed model: (i) plastic
deformation of martensite is neglected, (ii) the stress-strain
hysteretic behavior of the material is not taken into account, and
(iii) a flat stress plateau is considered during phase transfor-
mation.

The first assumption has a limited impact since plastic
deformation is expected to be less important on the fracture
behavior of NiTi SMAs than the crack tip transformation
mechanisms. In fact, in pseudoelastic NiTi SMAs, it has been
shown that cracks propagate in a detwinned martensitic variant
microstructure, which is only present after the austenite has
been fully transformed to martensite (Ref 9). Therefore, the
plastic zone has been shown to be much smaller than the
transformation zone and it has been demonstrated that crack tip
blunting, which is associated with dislocation plasticity, does
not occur in pseudoelastic NiTi SMAs (Ref 9).

The second assumption does not represent a limitation in the
case of static or monotonic loading conditions. In this case, the
model could be used to develop proper design criteria for
critical crack growth since fracture toughness is normally
measured by monotonic loading to fracture; however, the
applicability of the model for fatigue crack propagation needs
to be verified since the reversibility of phase transformation

during crack growth is expected to play a significant role, as
shown in Ref 10, 17.

Finally, the third assumption does not represent a significant
limitation when dealing with commercial pseudoelastic NiTi
SMAs, which usually exhibit a completely flat stress-strain
transformation curve, similar to that shown in Fig. 1; it can,
however, be a major concern when NiTi SMAs are subjected to
severe cold-working deformation processes and/or repeated
mechanical loads. In fact, due to some irreversible microstruc-
tural changes occurring during such processes, mainly attrib-
uted to the formation of dislocations and stabilized martensite,
the stress-strain response of the SMA changes significantly, i.e.,
the slope of the stress-strain transformation curve increases and,
consequently, the stress for the onset of stress-induced trans-
formation decreases.

Furthermore, it should be mentioned here that the pseudo-
elastic effect can be significantly improved by plastic deforma-
tion (due to the resulting smaller grain size, which limits the
mobility of dislocations), while this is commercially easier to
perform for applications such as wires (i.e., cold-drawing), it can
be more difficult to perform on other applications such as large
bulk castings. An alternative approach to improve the pseudo-
elastic effect is to form Ni4Ti3 precipitates, which also limit the
mobility of dislocations. It is expected that these two processing
methods would exhibit similar mechanical behavior. Neverthe-
less, one should note that our model is being compared with a
pseudoelastic NiTi SMA with Ni4Ti3 precipitates.

4. Analytical Model

Some basic concepts of linear elastic fracture mechanics
along with a summarization of the reference model (Ref 22) are
presented and discussed in this section.

Fig. 2 Schematic depiction of the stress distribution and phase transformation near the crack tip
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Based on linear elastic fracture mechanics, the crack tip
stress components rij under mode I loading, as a function of the
polar coordinates r and h, can be written as follows (Ref 32):

rijðr; hÞ ¼
KI
ffiffiffiffiffiffiffi

2pr
p fij hð Þ; ðEq 2Þ

where KI is the mode I stress intensity factor and fij(h) are
well-known trigonometric functions of the angle h. KI can be
expressed as a function of the crack length and applied stress,
a and r¥ respectively, as follows:

KI ¼ br1
ffiffiffiffiffiffi

pa
p

; ðEq 3Þ

where b is a geometric factor. In the case of an infinite plate
with a through thickness central crack of length 2a, the factor
b is equal to 1 and KI can be regarded as the applied or
remote stress intensity factor, KI

¥, because it is independent
of the geometric configuration of the cracked structure:

K1I ¼ r1
ffiffiffiffiffiffi

pa
p

: ðEq 4Þ

The applied stress intensity factor is used in the following
for comparative analysis between linear elastic materials and
NiTi SMAs. If the principal stress directions (identified by the
subscripts 1, 2, and 3) are considered, the functions fij(h) in
Eq 2 can written as follows (Ref 32):

f1ðhÞ ¼ cos
h
2

1þ sin
h
2

� �

; ðEq 5aÞ

f2ðhÞ ¼ cos
h
2

1� sin
h
2

� �

; ðEq 5bÞ

f3 hð Þ ¼ b; ðEq 5cÞ

where b = 0 for plane stress, b ¼ 2m cos h=2ð Þ under plane
strain conditions and m is the Poisson�s ratio of the material.
Note that subscripts 1 and 2 identify the in-plane principal
stress directions, while 3 is the direction perpendicular to
the plate. In the case of h = 0 (i.e., along the crack direc-
tion), Eq 5a-5c can be simplified and, consequently, the
principal stress components for a linear elastic material are
given by:

rel1ðrÞ ¼ rel2ðrÞ ¼
KI
ffiffiffiffiffiffiffi

2pr
p ; ðEq 6aÞ

rel3ðrÞ ¼ b
KI
ffiffiffiffiffiffiffi

2pr
p : ðEq 6bÞ

While Eq 6a-6b are generally valid for linear elastic materi-
als, they do not describe the complex crack tip stress distribu-
tion in SMAs, where two different stress equations must be
used to define the stress distribution in the two phases of the
material. It has been observed in Maletta and Furgiuele (Ref 22)
that modified relations for elasto-plastic materials, such as the
Irwin correction of the stress intensity factor (Ref 33), can be
used to predict the stress distribution in the austenitic phase
(i.e. in the untransformed region). Specifically, the effective
crack length and stress intensity factor (ae and KIe, respec-
tively) can be used to take into account the nonlinear effects
due to stress-induced phase transformation:

ae ¼ aþ Dr; ðEq 7Þ

KIe ¼ r1
ffiffiffiffiffiffiffi

pae
p

; ðEq 8Þ

where the distance Dr is given by Maletta and Furgiuele
(Ref 22):

Dr ¼ rA � r�; ðEq 9Þ

with

r� ¼ 1

2p
KI

ftcrtr

� �2

; ðEq 10Þ

where ftc can be regarded as a transformation constraint factor
and represents the ratio of the maximum principal stress to
the transformation stress rtr (i.e., the quantity ftcrtr can be
considered as an effective transformation stress):

ftc ¼
rmax

rtr
: ðEq 11Þ

It is worth noting that ftc is calculated based on the plastic
constraint factor in linear elastic fracture mechanics (Ref 32)
and varies in the range between 1 and 1� 2mð Þ�1 with the
lower and upper bounds corresponding to plane stress and
plane strain conditions, respectively. However, Irwin (Ref 32)
suggested a maximum value of

ffiffiffiffiffiffiffiffiffi

2
ffiffiffi

2
pp

in the case of elasto-
plastic materials, as plane strain conditions do not exist at the
specimen surface and, furthermore, crack blunting signifi-
cantly reduces the maximum stress at the crack tip. Due to
the different mechanisms involved during crack loading and
propagation in SMAs with respect to common metals, the
maximum value of ftc could be different with respect to the
plastic constraint factor. In fact, Gollerthan et al. (Ref 9)
demonstrated that crack tips stay sharp and blunting does not
occurs in either martensitic or pseudoelastic SMAs, which
indicates that dislocations at the crack tip do not play a criti-
cal role.

Based on the Irwin correction (Ref 33) and on the reference
model (Ref 22), the principal stress components in the
austenitic region for h = 0 can be expressed as follows:

rA1 rð Þ ¼ rA2 rð Þ ¼ KIe
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pðr � DrÞ
p ðEq 12aÞ

rA3 rð Þ ¼ b
KIe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pðr � DrÞ
p ðEq 12bÞ

The stress distribution in the martensitic region can be deter-
mined by modified relations for bilinear materials according
to Duva (Ref 34). Thus, the strain components in the austen-
itic region (i.e., for re <rtr) and in the martensitic region
(i.e., for re >rtr) are given by:

eij ¼
1

EA
1þ mð Þrij � mdijrkk

� �

; for re <rtr ðEq 13aÞ

eij ¼
1

EA
1þ mð Þrij � mdijrkk þ

3

2
a�1 � 1
� �re � rtr

re
Sij

	 


þ etrij ;

for re >rtr (Eq 13b)

where a represents the Young�s modulus ratio ( a ¼ EM=EA),
dij is the Kronecker delta and etrij are the components of the
transformation strain tensor. The deviatoric stress compo-
nents and effective stress, Sij and re, respectively, are
defined by:
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Sij ¼ rij �
1

3
rkkdij ðEq 14Þ

re ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

3

2
SijSij

r

ðEq 15Þ

The transformation strain tensor is calculated from the uniaxial
transformation strain eL by the equivalent von Mises strain ee:

ee ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

2

3
eijeij

r

ðEq 16Þ

where eij represent the deviatoric strain components:

eij ¼ eij �
1

3
ekkdij ðEq 17Þ

in the case of h = 0, the strain components etrij can be
regarded as principal strains, namely etr1, etr2 , and etr3 , and are
obtained from Eq 16 by imposing the condition ee ¼ eL:

etr1 ¼ etr2 ¼ veL
etr3 ¼ neL

ðEq 18Þ

in which v ¼ 1=2 and n ¼ �1 under plane stress, and
v ¼ 3=2 and n ¼ 0 under plane strain conditions. Considering
Eq 14-18, Eq 13 can be rewritten in terms of principal strain
components as follows:

e1 ¼
rA1

EA
j ðEq 19aÞ

e1 ¼
1

EA
rM1jþ

1

2
a�1 � 1
� �

f �1tc rM1 � rtr
� �

	 


þ veL

ðEq 19bÞ

where j is given by j ¼ 1� mð Þ for plane stress conditions
and j ¼ 1þ mð Þ 1� 2mð Þ for plane strain conditions. Compar-
ing Eq 19a-19b and considering Eq 12a gives the principal
stress components in the martensitic region:

rM1 rð Þ ¼ rM2 rð Þ

¼ 1

2jþ f �1tc a�1 � 1ð Þ

� 2j
KIe
ffiffiffiffiffiffiffi

2pr
p þ a�1 � 1

� �

rtr � 2veLEA

	 


(Eq 20a)

rM3 rð Þ ¼ brM1 rð Þ ðEq 20bÞ

The martensitic radius rM, can be calculated by using the
condition rM1 rMð Þ ¼ ftcrtr:

rM ¼
1

2p
jKIe

ftcjrtr þ veLEA

	 
2

ðEq 21Þ

The austenitic radius rA can be calculated by imposing the
equilibrium condition at the crack tip, as described in Ref 22,
and, thus, the following relation can be obtained:

rA ¼ 2r� � 2

p
jKIe

rtr

� �2 1

2ftcjþ a�1 � 1ð Þð Þ
1

2ftcjþ 2veLEA=rtr

ðEq 22Þ

Equation 21 and 22 can be expressed as a function of the
temperature when the Clausius-Clapeyron relation of Eq 1 is
considered:

rM ¼
1

2p
jKIe

ftcj rtr
0 þ bM T � T0ð Þ

� �

þ veLEA

" #2

ðEq 23Þ

rA ¼2r� � 2

p
jKIe

rtr

� �2

� 1

2ftcjþ a�1 � 1ð Þð Þ
rtr
0 þ bM T � T0ð Þ

2ftcj rtr
0 þ bM T � T0ð Þ

� �

þ 2veLEA

ðEq 24Þ

Note that Eq 23 and 24 give the same results in the case of
plane stress conditions as those of the reference model
(Ref 22). Furthermore, it is worth noting that an iterative
approach is required to calculate the transformation radii,
rM and rA, similar to the classic Irwin�s correction for
elasto-plastic materials. In particular, the following steps are
carried out:

(1) The first trial values of the transformation radii, namely
rM¢ and rA¢, are calculated using Eq 21 and 22 (or alter-
natively Eq 23 and 24) and the uncorrected stress inten-
sity factor of Eq 3, namely KI;

(2) The effective crack length and stress intensity factor, ae
and KIe, are calculated by Eq 7-9;

(3) Based on the effective stress intensity factor calculated
in the previous step, new values of the transformation
radii, namely rM¢¢ and rA¢¢, are calculated using Eq 21
and 22 (or Eq 23 and 24);

(4) Convergence of the solution is checked by comparing
the trial and calculated values of the transformation ra-
dii. If the results do not meet the convergence criteria
(i.e., the relative errors between trial and calculated val-
ues of the transformation radii exceed the maximum
allowable error), then new trial values are assigned to
rM and rA (rM¢ = rM¢¢ and rA¢ = rA¢¢) and steps from 2
to 4 are repeated until convergence is reached.

5. Results and Discussion

In this section, the proposed model is validated by previous
synchrotron x-ray micro-diffraction observations (Ref 9);
subsequently, the model is used to analyze the evolution of
the crack tip transformation region during mechanical loading
of miniature CT specimens (Ref 9) under both plane stress and
plane strain conditions (i.e., by varying the transformation
constraint factor ftc).

The compact tension (CT) specimens discussed in this
article correspond to a miniature version of the ASTM CT
specimen standard E399-90 (Ref 35) and have been previously
described in detail in Ref 9, 11. These CT specimens have
widths of W = 16 mm and thicknesses of B = 8 mm and were
fatigue pre-cracked to yield crack lengths a ranging between
8 mm (a/W = 0.50) and 11.8 mm (a/W = 0.74) (Ref 9).

Analytical predictions of the transformation region in
miniature CT specimens are obtained by using Eq 21 and 22
together with the well-known relation for stress intensity factor
(ASTM E 399):

KI ¼
P

B
ffiffiffiffiffi

W
p f

a

W

� �

; ðEq 25Þ
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where P is the applied load and f a
W

� �

is given by:

The values of the effective stress intensity factor for the CT
specimen (KIe) in Eq 21 and 22, are calculated from Eq 25
and 26, instead of Eq 8, using the effective crack length from
Eq 7. It is worth noting that an iterative approach is required
to calculate the transformation radii as described in the previ-
ous section.

In Fig. 3, the contours of the transformation radii for a
miniature CT specimen with a crack length-to-width ratio
a/W = 0.55 under opening mode conditions with a constant
load P = 2860 N, are illustrated. Figure 3(a) shows a compar-
ison between the predictions of the proposed analytical model,
in terms of the austenitic radius rA, and the phase volume
fractions obtained by synchrotron x-ray micro-diffraction
mapping of a miniature CT specimen. The analytical predic-
tions were obtained from Eq 22 and 25-26 using the same
geometry and loading conditions of the experiment, with the
material properties reported in Fig. 1 (EA = 75 GPa,

EM = 20 GPa, rtr = 330 MPa, eL = 0.04) and by assuming that
the Poisson�s ratio for the two phases are equal (i.e., mA = mM =
m= 0.3). Due to the spatial resolution of the x-ray micro-
diffraction technique, only the models for the external trans-
formation contour, i.e., the austenitic radius, is compared with
the experimental data in Fig. 3(a); in fact, the martensitic radius
rM is not compared since just the region with a maximum
volume fraction of 30-40% martensite (B19¢) was observed by
the synchrotron x-ray micro-diffraction. For the sake of
completeness, the contours of both rM and rA are illustrated
in Fig. 3(b) under plane stress and plane strain conditions; in
particular, the austenitic radius is shown in the first and second
quadrants of the Cartesian system, while the martensitic radius
is illustrated in the third and fourth quadrants. Figure 3(a) and
(b) clearly illustrates that the martensitic radius is significantly
smaller than the austenitic radius, especially if considering
plane strain conditions, where rM for h = 0 is about 20 lm.
Furthermore, it is worth noting that the shapes of the
transformed region under plane stress and plane strain condi-
tions were obtained using the well-known trigonometric
functions for plastic zone in common metals by the von-Mises
yielding criteria (Ref 32). However, the shape of the trans-
formed zone could be significantly different with respect to that
of plastic zone, due to the different mechanisms involved
during crack loading of SMAs with respect to common metals,
as discussed in the previous section. In this study, only the
transformation boundaries for h = 0 are analytically calculated
and the shape is presented for a qualitative comparison with x-
ray micro-diffraction mapping. In particular, the comparison
illustrates that the experimentally observed transformation
region is between plane stress (black curve) and plane strain
contours (red curve). This result is expected since each x-ray
micro-diffraction measurement in Fig. 3(a) represents a vol-
ume-averaged value through the specimen thickness (i.e.,
between plane stress at the specimen surfaces and plane strain
in the center) as reported in Gollerthan et al. (Ref 9).

In Fig. 4, the evolution of the transformation region during
mechanical loading of miniature CT specimens, in terms of rA
and rM, are illustrated together with the corresponding load-
displacement curves (P-d). In particular, Fig. 4(a) and (b)
shows the normalized transformation radii, rA/a and rM/a, for
two different values of the a/W ratio, equal to 0.5 and 0.6,
respectively. The transformation radii as a function of the
applied load during tensile testing of miniature CT specimens
have been calculated from Eq 21 and 22, using the stress
intensity factor from Eq 25. The dashed lines in Fig. 4(a) and
(b) indicate the maximum load and, consequently, the maxi-
mum size of the transformation region. It should be noted that
the evolution of the transformed region, after the maximum
load is reached, is not correctly calculated, since the present
model does not take into account the hysteretic behavior
observed during reverse transformation from austenite to
martensite (i.e., only monotonically increasing loads can be
analyzed). As expected, Fig. 4(a) and (b) shows large differ-
ences in the size of transformed region between plane stress and

Fig. 3 Contours of the transformation region for a miniature CT
specimen with a crack length-to-width ratio a/W = 0.55 under a con-
stant load P = 2860 N: (a) comparison of the austenitic radius rA
between numerical predictions and experimental observations by
synchrotron x-ray micro-diffraction (Ref 9); (b) austenitic radius,
rA, and martensitic radius, rM, under plane stress and plane strain
conditions

f
a

W

� �

¼
2þ a=Wð Þ 0:886þ 4:64 a=Wð Þ � 13:32 a=Wð Þ2þ14:72 a=Wð Þ3�5:6 a=Wð Þ4

� �

1� a=Wð Þ3=2
: ðEq 26Þ
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plane strain conditions with a ratio close to the theoretical value
of f 2tc ¼ 1� 2mð Þ�2 ( f 2tc ¼ 6:25 when m = 0.3), i.e., that of the
plastic zone in common engineering metals. Furthermore,
Fig. 4(a) and (b) shows that the size of the transformation
region in the case of a/W = 0.5 (Fig. 4a) is higher than that of

the a/W = 0.6 (Fig. 4b) as a consequence of the higher values
of maximum load.

To better understand the effect of a/W on the boundaries of
the transformation region, the data obtained during fracture
tests of miniature CT specimens reported in Gollerthan et al.
(Ref 9) have been analyzed as illustrated in Fig. 5, which
shows the maximum extents of rA/a and rM/a as a function of
the a/W ratio in the case of plane strain conditions. In the same
figure, the maximum load obtained during mechanical testing
are also reported.

Figure 5 shows that rA/a decreases more rapidly with
increasing a/W ratio than rM/a. This result is supported by the
fact that the formation of stress-induced martensite is needed for
crack growth and propagation. As expected, when the crack
length is longer, less load is required for crack propagation due to
the smaller cross-sectional area and therefore less stress-induced
martensite is required before catastrophic failure occurs.

6. Conclusions

An analytical model which can be used to predict the
boundaries of the stress-induced martensitic transformation
near a crack tip in pseudoelastic NiTi SMAs, under both plane
stress and plane strain conditions, is presented. The predictions
of the model show reasonably good agreement with experi-
mental results from synchrotron x-ray micro-diffraction map-
ping. As expected, the experimental data falls between the
plane stress and plane strain contours of the model, due to the
fact that the measurements from synchrotron x-ray micro-
diffraction represent volume-averaged values through the
specimen thickness. Furthermore, the evolution of the trans-
formation region near a crack tip during mechanical loading of
miniature compact tension specimens have been analyzed
under both plane stress and plane strain conditions.

However, the proposed model uses some simplifying
conditions: (i) plastic deformation of martensite is neglected,
(ii) the stress-strain hysteretic behavior of the material is not
taken into account, and (iii) a flat stress plateau is considered
during phase transformation. The results presented here as well
as other previous experimental results demonstrate that these
latter assumptions do not represent significant limitations on
fracture properties of SMAs, as they play a secondary role as
compared to stress-induced phase transformation mechanisms.
In any case, future studies should be carried out to better
understand the role of other microstructural changes near the
crack tip, such as grain re-orientation, detwinning, and
dislocation plasticity, on fracture properties of NiTi SMAs.
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